Aims. The possibility of determining the mass of large asteroids (other than Ceres, Pallas, and Vesta) from recent close encounters with smaller bodies has been investigated, and a new and more accurate determination of the mass of the asteroid (15) Eunomia is presented. Methods. The circumstances of the close approaches between large asteroids and the ca. 129 000 numbered ones were found by a numerical integration over the past 20 years. The cases for which an appreciable perturbation could be expected were investigated by fitting the mass of the perturbing body to the available observations. 19 kg (1.64 × 10 −11 M Sun ) with a formal 1σ relative uncertainty of 3.7%. The optimized mass is 30−60% higher and the formal error 4−7 times smaller than previous estimates.
Introduction
The determination of asteroid masses is an important issue both for accurately modelling the perturbations acting on other bodies and for knowing their structure and mineralogical composition. The most reliable method for determining the mass of a given minor planet is based on analysis of the perturbations on the motion of another body (test body), typically a smaller asteroid. So far, the masses of ca. 30 minor planets (apart from Ceres, Pallas, and Vesta) have been estimated by this method, most often averaging the results obtained by the study of several independent test bodies (Michalak 2001; Chernetenko & Kochetova 2002; Kochetova 2004) . However, even after averaging several independent determinations, the uncertainties associated with the mass estimates remain rather large, ranging from about 10% in the most favourable cases to more than 50% in the worst cases. This poor accuracy derives from the perturbations being normally not much larger than the errors of the optical observations used to reveal them.
For improving the accuracy, a good strategy is obviously to improve the astrometric quality of the optical observation (Chesley et al. 2005) , but it can also be to identify very close approaches, whose dynamical effects can be large even over a relatively short time span and so are likely to be clear of perturbations by other bodies. During the past eight years, the numbered asteroids have increased by a factor of 15, as have the chances of detecting potentially useful close approaches. We report here the identification of a number of encounters that could be useful for computing improved asteroid masses in the near future. Among them, an exceptionally close approach of (50278) 2000CZ12 to (15) Eunomia was found to have occurred on March 4, 2002, in the middle of an arc of available good observations ranging from october 1998 to november 2005. This allowed a new determination of the mass of Eunomia with a remarkably low formal error, which was further reduced by including in the fitting four more precovery observations and three extra ones made on demand.
Methods
The close encounters (within 0.05 AU) occurred during the past 20 years between 129436 numbered asteroids were detected by using the numerical-integration software SOLEX (Vitagliano 1997) , which is based on a 16th-order polynomial extrapolation method of the Bulirsh-Stoer type. This software (see also http://chemistry.unina.it/ ∼ alvitagl/solex) reproduces the DE405 ephemerides of the major planets to better than 1 milliarcsec of precision (7 milliarcsecs in the case of Mars). The integrator can handle very close encounters through an adaptive stepsize algorithm, and its truncation and roundoff errors are totally negligible for our purposes. The precise circumstances of minimum distance were determined during the numerical integration, by using a 5th-degree Hermite interpolation inside the integration step (normally 3 days for the above integrator), whenever a condition of minimum distance was detected to have occurred within the step.
To assess the dynamical effect of each encounter, tentative mass values were adopted, based on the IRAS diameters and taxonomical class of the bodies (Tedesco et al. 2002) or on the absolute magnitude H as reported in the astorb database (Bowell 2006 ) (http://asteroid.lowell.edu). As a criterion for selecting the most effective encounters, rather than the widelyused deflection angle (Michalak 2000 , Hilton et al. 1996 , we preferred to adopt (Galád 2001) the change ∆n of the mean motion of the test body, which was computed using a formula given by Edery (2001) (see also www.ai-solutions.com/ Resources/Papers/LunarGravityAssist.PDF). This led to identifying the encounter between asteroids (15) Eunomia and (50278) 2000CZ12 as the most promising candidate for an accurate mass determination.
To analyse the motion of the test body, which was done with the SOLEX package cited above, we initially used 103 observations from the public AstDys database (http://hamilton.dm.unipi.it/astdys). The dynamical model adopted included Ceres, Pallas, Vesta, and Eunomia as perturbing asteroids, but different models were also tested to assess the sensitivity of the result to the addition of perturbing effects by other bodies. The mass of Eunomia was optimized along with the orbital elements of the test body by the standard least-squares method, using equal weights for all the observations. However, different weighting schemes and/or removal of some observations were also used, in order to assess the sensitivity of the result to the individual observations. Determining the mass of the perturbing body allowed us to produce accurate precovery ephemerides, which in turn led to identifying 4 more observations, which were included in the fitting to give the final optimized value of the mass.
Results and discussion
A selection of what are likely to be the most effective encounters between 1985 and 2006 is presented in Table 1 , sorted in descending order of ∆n. It is worth noting that the correlation between the deflection angle and the mean-motion variation is very weak and that the efficiency of the perturbation in producing a measurable effect is much better expressed by the mean-motion variation than by the deflection angle (Galád 2001 a moderately large number of observations were available for an arc of 3.5 y both before (30) and after (73) the encounter. In spite of the relatively short observational arc, the fitting on 99 equally-weighted observations (4 rejected) successfully converged on a mass value of 1.68 × 10 −11 solar masses, with the remarkably low formal error of 0.10 × 10 −11 solar masses. Based on the above value of the mass of Eunomia, accurate ephemerides of the test body were produced over the time span 1950−1998, and four precovery observations (made on June 15, 1950 , March 7, 1954 , and October 16, 1990 were unambiguously detected on POSS-I and POSS-II red and blue plates. Three extra data points (on May 29, 2006) were also kindly obtained on request from J. L. Ortiz and F. J. Aceituno (Instituto de Astrofisica de Andalucia) with the 1.5-m telescope at Sierra Nevada Observatory in Spain. All the extra observations were reduced by standard techniques, using USNO-B1.0 as the reference star catalog, and "Astrometrica" by H. Raab (http://www.astrometrica.at) as processing software. By including these additional data (see Table 2 ) in the fitting, a final optimized mass of (1.64 ± 0.06) × 10 −11 solar masses was obtained.
Since asteroid mass determinations are often very sensitive to the dynamical model, to the weighting scheme, and to the inclusion or removal of some observations, the fitting was repeated under a variety of different assumptions, and the results are summarised in Table 3 , whose inspection shows that the mass value resulting from the fitting is fairly stable and insensitive to "perturbations" of the starting data.
Further evidence of the stability of the mass determination was obtained by performing two separate fittings of the orbital elements of the test body, one using only the pre-encounter observations, the other using only the post-encounter observations, and both neglecting the mass of Eunomia. The two independently-determined orbits were propagated up to the same epoch of the close encounter (2002/3/4.720), giving a pre = 2.63050355 ± 3.4 × 10 −8 AU and a post = 2.63050836 ± 3.1 × 10 −7 AU for the respective semimajor axes. The relative change of semimajor axis is thus ∆a/a = (1.83 ± 0.12) × 10 −6 , which according to a numerical experiment and to the formula given by Edery (2001) gives a perturbing mass of (1.63 ± 0.10) × 10 −11 M Sun , essentially coincident with the nominal value resulting from the "global" fitting.
Another indication of the good reliability of the present determination is given by Fig. 1 , which also shows the remarkable perturbing effect of the 2002 encounter, which in turn causes a right ascension drift of more than one arcminute in less than 40 years. The figure, which for clarity is limited to epochs after 1989, shows the difference in right ascension between the perturbed and unperturbed asteroid 50278, computed by a backwards integration from the present epoch to the past, assuming for Eunomia the nominal mass value resulting from the fitting (Table 3 , row 1). Then, by performing the least-squares fit only on the post-encounter observations, and propagating the orbit backwards without taking the mass of Eunomia in account, the residuals represented by the crosses are obtained, which nicely fit on the calculated right ascension difference plot. On the contrary, by propagating the orbit with the perturbation by Eunomia taken in account, the pre-encounter residuals smoothly line-up around the zero line. In view of this additional evidence of the "goodness of fit" it appears that the formal error, although still probably optimistic, should not be far from being a good approximation of the true uncertainty.
As a final remark, we note that future observations should reduce the uncertainty of the mass determination quite substantially. For each future opposition starting from July-August 2006 up to 2017, we have simulated a set of four "virtual observations" covering an arc of about one month and having an average rms of 0.6 arcsecs in both right ascension and declination. By progressively including the virtual observations in the fitting, the formal mass uncertainty decreases more or less steadily, already becoming about 3% in August 2006 and dropping to 1% by October 2015. Thus, a good observational program of asteroid 50 278 should produce in the next few years what is likely to be the most accurate ground-based mass determination ever achieved for a non-binary asteroid other than Ceres, Pallas, and Vesta.
Conclusions
The present determination gives for (15) Eunomia a mass value (1.64 ± 0.06) × 10 −11 M Sun , which is 31% and 55% higher than those given by the most recent determinations: (1.25 ± 0.34) × 10 −11 M Sun (Michalak 2001 ) and (1.06 ± 0.16) × 10 −11 M Sun (Kochetova 2004) . The formal error is substantially lower and is expected to be further reduced upon future observations of the test body (50 278) 2000CZ12. This raises the estimated density of (15) Eunomia to 3.8 ± 0.7 g/cm 3 , based on the IRAS diameter of 255 ± 15 km (Tedesco et al. 2002) , which is consistent with the inferred composition (Nathues et al. 2005) . In view of the improved accuracy of the mass determination, the uncertainty of the estimated density now appears to be mostly dependent on the uncertainty on the size and shape of the asteroid.
